Non-Universal Equation of State of the Two-Dimensional Bose Gas by Salasnich, L.
ar
X
iv
:1
70
3.
01
61
4v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 10
 M
ar 
20
17
Non-Universal Equation of State of the Two-Dimensional Bose Gas
L. Salasnich
Dipartimento di Fisica e Astronomia “Galileo Galilei”,
Universita` di Padova, Via Marzolo 8, 35131 Padova, Italy
Consorzio Nazionale Interuniversitario per le Scienze Fisiche della Materia (CNISM),
Unita` di Padova, Via Marzolo 8, 35131 Padova, Italy
Istituto Nazionale di Ottica (INO) del Consiglio Nazionale delle Ricerche (CNR),
Via Nello Carrara 1, 50019 Sesto Fiorentino, Italy
(Dated: November 5, 2018)
For a dilute two-dimensional Bose gas the universal equation of state has a logarithmic depen-
dence on the s-wave scattering length. Here we derive non-universal corrections to this equation of
state taking account finite-range effects of the inter-atomic potential. Our beyond-mean-field ana-
lytical results are obtained performing dimensional regularization of divergent zero-point quantum
fluctuations within the finite-temperature formalism of functional integration. In particular, we find
that in the grand canonical ensemble the pressure has a nonpolynomial dependence on the finite-
range parameter and it is a highly nontrivial function of chemical potential and temperature.
PACS numbers: 03.75.Ss 03.70.+k 05.70.Fh 03.65.Yz
Introduction. The equation of state of a uniform weakly-
interacting Bose gas has a long history. Universal
beyond-mean-field theoretical results, which depend only
on the s-wave scattering length as of the inter-atomic
potential, were obtained for the three-dimensional (3D)
bosonic system by Bogoliubov [1] and by Lee, Huang, and
Yang [2, 3]. In one dimension (1D), based on a previous
investigation of the 1D Bose-Fermi mapping [4], Lieb and
Liniger [5] obtained the exact equation of state of a Bose
gas with contact repulsive interaction. In the case of two
spatial dimensions (2D), Schick [6] found that the equa-
tion of state of a uniform 2D repulsive Bose gas contains
a nontrivial logarithmic term. This remarkable result
was improved by Popov [7] who obtained an equation
of state which, at the leading order, reduces to Schick’s
one in the dilute limit (see also [8–11]). More recently,
Andersen [12] and Mora and Castin [13] went one step
further than Popov finding a next-next to leading uni-
versal equation of state for the two-dimensional weakly-
interacting Bose gas. It is important to stress that, in the
last years, various experiments with ultracold and dilute
atomic gases in 3D [14, 15] and 2D [16, 17] have put
in evidence beyond-mean-field effects on the equation of
state of repulsive bosons. Moreover, experiments on 1D
bosons [18, 19] have shown that the Lieb-Liniger theory
is needed to accurately describe the strong-coupling (i.e.
low 1D density) regime.
The universal theory of the 3D weakly-interacting
Bose gas has been extended including corrections due
to the finite range of the inter-atomic potential [20–27].
These corrections give a modified Gross-Pitaevskii equa-
tion [24–29] for the nonuniform condensate and non-
universal effects for quantum fluctuations at zero tem-
perature [21, 22]. For a deeper understanding of the
behavior of interacting bosonic systems in lower dimen-
sionality, it is extremely important to analyze and con-
trol non-universal effect induced by the finite range in
the equation of state also in the case of 2D and 1D Bose
gases. In this Letter we investigate finite-range effects
on quantum fuctuations of a 2D Bose gas by using the
finite-temperature functional integration [30, 31] on a lo-
cal effective action. We derive the finite-temperature
beyond-mean-field (one-loop, Gaussian) equation of state
of the bosonic system performing dimensional regular-
ization [32] of zero-point energy. The final non-universal
analytical result, which reduces to the universal Popov
equation of state [7] in the zero-range case, exhibits a
nonpolynomial dependence on the finite-range parame-
ter.
Effective field theory for the 2D Bose gas. In the study
of the two-dimensional interacting Bose gas we adopt the
path integral formalism, where the atomic bosons are
described by a complex field ψ(r, τ) [31]. The Euclidean
Lagrangian density of the system with chemical potential
µ is given by
L = ψ∗(r, τ)
[
~∂τ −
~
2
2m
∇2 − µ
]
ψ(r, τ)
+
1
2
∫
d2r′ |ψ(r′, τ)|2 V (|r− r′|) |ψ(r, τ)|2 , (1)
where V (|r − r′|) is the two-body interaction potential
between bosons.
Given the Fourier transform V˜ (q) of the interaction
potential V (r) one can expand it at the second order in
q around q = 0 finding
V˜ (q) ≃ g0 + g2 q
2 = V˜p,2(q) , (2)
where
g0 = V˜ (0) =
∫
d2rV (r) (3)
and
g2 =
1
2
V˜ ′′(0) = −
1
4
∫
d2r r2 V (r) . (4)
2Thus, within this approximation where the true inter-
atomic potential V˜ (q) is substituted by the pseudo-
potential V˜p,2(q) of Eq. (2), the effective local Lagrangian
density becomes
L = ψ∗(r, τ)
[
~∂τ −
~
2
2m
∇2 − µ
]
ψ(r, τ)
+
g0
2
|ψ(r, τ)|4 −
g2
2
|ψ(r, τ)|2
(
∇2|ψ(r, τ)|2
)
. (5)
The term proportional to g2 gives an improvement with
respect to the contact (zero-range) approximation usu-
ally adopted in the case of ultracold and dilute atoms.
In the three-dimensional case, Gaussian (one-loop) re-
sults of Eq. (5) have been obtained in Refs. [21–23],
but only at zero temperature. Here we investigate the
two-dimensional case, which is nontrivial also in the ab-
sence of finite range corrections, both at zero and finite
temperature.
Partition function and grand potential. The partition
function Z of the system at temperature T can then be
written as [31]
Z =
∫
D[ψ, ψ∗] exp
{
−
S[ψ, ψ∗]
~
}
, (6)
where
S[ψ, ψ∗] =
∫ ~β
0
dτ
∫
L2
d2r L (ψ, ψ∗) (7)
is the Euclidean action, L2 is the area of the system, and
β ≡ 1/(kBT ) with kB being Boltzmann’s constant. The
grand potential Ω of the system, which is a function of µ
and T , is then obtained as [31]
Ω = −
1
β
ln
(
Z
)
. (8)
All the thermodynamical properties of the system can
be deduced from Ω but, due to the interaction, some
approximated procedure is needed to explicitly calculate
Ω.
The mean-field plus Gaussian (one-loop) approxima-
tion is obtained setting
ψ(r, τ) = ψ0 + η(r, τ) (9)
and expanding the action S[ψ, ψ∗] of Eq. (7) around
the uniform and constant ψ0 up to quadratic (Gaussian)
order in η(r, τ) and η∗(r, τ). In this way, taking into
account Eq.(5) we find the grand potential (see also [22,
30, 33])
Ω(µ, T, ψ0) = Ω0(µ, ψ0) + Ω
(0)
g (µ, ψ0) + Ω
(T )
g (µ, ψ0) ,
(10)
where
Ω0(µ, ψ0) =
(
−µψ20 +
1
2
g0 ψ
4
0
)
L2 (11)
is the mean-field contribution (assuming a real ψ0),
Ω(0)g (µ, ψ0) =
1
2
∑
q
Eq(µ, ψ0) (12)
is the zero-point energy of bosonic excitations
Eq(µ, ψ0) =
[(
~
2q2
2m
− µ+ ψ20(g0 + V˜p,2(q))
)2
− ψ40V˜p,2(q)
2
]1/2
. (13)
i.e. the zero-temperature contribution of quantum Gaus-
sian fluctuations, while
Ω(T )g (µ, ψ0) =
1
β
∑
q
ln
(
1− e−βEq(µ,ψ0)
)
(14)
takes into account thermal Gaussian fluctuations.
Zero-temperature results. Imposing the crucial saddle-
point condition
∂Ω0(µ, ψ0)
∂ψ0
= 0 , (15)
we get
ψ0(µ) =
√
µ
g0
(16)
and the following spectrum of collective excitations
Eq(µ) =
√
~2q2
2m
(
λ(µ)
~2q2
2m
+ 2µ
)
, (17)
where
λ(µ) = 1 +
4m
~2
g2
g0
µ (18)
takes into account finite range effects of the inter-atomic
potential.
By using Eq. (16) the mean-field grand potential (11)
becomes
Ω0(µ) = −
µ2
2g0
. (19)
Instead, the one-loop grand potential reads
Ω(0)g (µ) =
1
2
∑
q
Eq(µ) . (20)
In the continuum limit, where
∑
q
→ L2
∫
d2q/(2π)2,
Ω
(0)
g (µ) is ultraviolet divergent with Eq(µ) given by Eq.
(17). This divergence can be regularized with dimen-
sional regularization, where the space dimension D is
analytically continued [22, 32, 33]. To this end we ex-
tend the two-dimensional integral to a generic complex
3D = 2 − ε dimension, and then take the limit ε → 0. In
this way
Ω
(0)
g
LD
=
1
2
∫
dDq
(2π)D
Eq
= −
A(µ)
2κε
µ2 Γ(−2 +
1
2
ε) , (21)
where the regulator κ is a crucial scale wavenumber which
enters for dimensional reasons: LD = L2κε. In Eq. (21)
we have defined A(µ) = m/(2π~2λ(µ)3/2) and Γ(z) is the
Euler gamma function, such that Γ(−2 + ε/2) = 1/ε +
O(ε0) for ε→ 0. Notice that, the strengths g0 and g2 of
the 2D Lagrangian density (5) become g0κ
ε and g2κ
ε in
D dimensions, but the adimensional parameter λ(µ) of
Eq. (18) remains unchanged.
It follows that, to leading order in 1/ε, the Gaussian
grand potential in D dimensions reads
Ω
(0)
g (µ)
LD
= −
A(µ)
2ε κε
µ2 . (22)
This expression is still divergent. Nevertheless, compar-
ing Ωg(µ) with Ω0(µ) in D = 2 − ε dimensions we find
the total zero-temperature grand potential
Ω(0)(µ)
LD
=
Ω0(µ)
LD
+
Ω
(0)
g (µ)
LD
= −
µ2
2ξr(µ, κ, ε)
, (23)
where it appears the “running constant”
1
ξr(µ, κ, ε)
=
1
g0 κε
+
A(µ)
ε κε
(24)
which runs by changing κ and depends on the dimension
D through ε = 2−D [30, 32, 33].
To remove the divergence 1/ε in Eq. (24) we calculate
the derivative of 1/ξr(µ, κ, ε) with respect to κ finding
1
ξr(µ, κ, ε)2
dξr(µ, κ, ε)
dκ
=
ε
g0 κε+1
+
A(µ)
κε+1
. (25)
Now, in the limit ε→ 0 (i.e. D → 2) we get
1
ξr(µ, κ, 0)2
dξr(µ, κ, 0)
dκ
=
A(µ)
κ
. (26)
This first order differential equation can be easily solved
by separation of variables, and the result is
1
ξr(µ, κ′, 0)
−
1
ξr(µ, κ, 0)
= −A(µ) ln
(
κ′
κ
)
. (27)
We set the Landau pole of Eq. (27) at the high energy
scale of the system ǫc, i.e. we set 1/ξr(µ, κ
′, 0) = 0 at κ′
such that ~2κ′2/(2m) = ǫc. Then, when κ corresponds
to the actual energy of our system, i.e. ~2κ2/(2m) = µ.
It follows that, from Eqs. (23) with ε → 0 and A(µ) =
m/(2π~2λ(µ)3/2) we obtain
Ω(0)(µ)
L2
= −
m
8π~2λ(µ)3/2
µ2 ln
(
ǫc
µ
)
. (28)
Thus, taking into account Eq. (18) and the formula
P = −Ω/L2 which relates the pressure P to the grand
potential Ω, we finally get the zero-temperature beyond-
mean-field pressure
P (0)(µ) =
m
8π~2
µ2
(1 + χµ)3/2
ln
(
ǫc
µ
)
(29)
where
χ =
4m
~2
g2
g0
(30)
with g0 given by Eq. (3) and g2 given by Eq. (4). More-
over, following Mora and Castin [13], we set
ǫc =
4~2
m a2s e
2γ+1/2
, (31)
that is the high-energy scale fixed by the 2D s-wave scat-
tering length as, with γ ≃ 0.5772 is the Euler-Mascheroni
constant. Given the inter-atomic potential V˜ (q), the cor-
responding 2D scattering length as is obtained calculat-
ing the s-wave phase shift δ0(q) that is related to as by
the expression [13, 34–38]
cot (δ0(q)) =
2
π
ln
(q
2
ase
γ
)
+O(q2) . (32)
In the case of contact interaction, where χ = 0, Eq. (29)
reduces to the equation of state derived by Popov [7] from
a 2D hydrodynamic Hamiltonian with ǫc an ultraviolet
cutoff, which depends on the s-wave scattering length as
[39]. Moreover, using Eq. (31), one finds exactly the
grand potential derived by Mora and Castin expanding
the energy in powers of a small parameter [13]. Instead, if
χ 6= 0 Eq. (29) generalizes the zero-temperature Popov’s
equation of state giving a nonpolynomial finite-range cor-
rection.
The relative difference of the pressure (29) with and
without the finite-range correction is given by |1/(1 +
χµ)3/2) − 1| ≃ (3/2)|χµ| = 12πnR2/| ln (na2s)|, by us-
ing R = 2
√
|g2/g0| as characteristic range of the inter-
atomic potential [40] and µ = 8π~2n/(m| ln (na2s)|) as
leading-order chemical potential in terms of the gas pa-
rameter na2s with n = ∂P
(0)(µ)/∂µ the 2D number den-
sity [6, 7, 12, 13]. Choosing, for example, na2s = 10
−5
and nR2 = 6 · 10−2 we get a correction to the pressure
of about 20% due to finite-range effects, which is much
larger than the Mora-Castin next-next-to-leading univer-
sal correction [13] of about 2% for the same value of the
gas parameter na2s [13]. This regime can be experimen-
tally achieved with 87Rb atoms, where R = 1.07 · 10−2
micron [41], using n = 524 atoms/micron2 and tuning
the 2D scattering length via Feshbach resonance [42] to
as = 1.38 · 10
−4 micron. In general, given a quite small
gas parameter na2s, finite-range effects become relevant
for larger values of the non-universal adimensional pa-
rameter nR2. In other words, sizable non-universal ef-
fects without next-next-to-leading universal corrections
4can be reached experimentally by decreasing the scatter-
ing length as (through Feshbach-resonance techniques)
and increasing the 2D number density n.
Note that, instead of using Eqs. (3) and (4) which
immediately give the parameters g0 and g2 knowing the
inter-atomic potential V˜ (q), one can alternatively estab-
lish a connection between g0 and g2 and familiar low-
energy scattering quantities such as the s-wave scattering
length as and the s-wave effective range rs (which is not
the characteristic range R of the potential). In two spa-
tial dimensions this connection is very cumbersome and
highly nonlinear [34, 35].
Finite-temperature results. The finite-temperature one-
loop contribution to the equation of state is obtained
from Eq. (12) with Eq. (16), which gives the finite-
temperature contribution
P (T )g (µ) =
1
4π
∫
∞
0
dq q2
dEq
dq
1
eEq/(kBT ) − 1
(33)
to the total pressure, within our Gaussian scheme. In-
troducing the variable x = βEq we get
P (T )g (µ) = −
kBT
4π
∫
∞
0
dx q(x, µ, T )2
1
ex − 1
, (34)
where q(x) is given by
q(x, µ, T ) =
√
2mµ
~2λ(µ)
√√√√−1 +
√
1 +
λ(µ)(kBT )2x2
µ2
.
(35)
Expanding this expression at low temperature T we find
P (T )g (µ) =
1
4π
(
m
~2
)
(kBT )
3
[
Γ(3)ζ(3)
− Γ(5)ζ(5)
λ(µ)
4µ2
(kBT )
2
]
(36)
where Γ(x) is the Euler gamma function and λ(µ) is given
by Eq. (18). Thus, the final grand-canonical equation
of state P (µ, T ), that gives the pressure as a function
of both the chemical potential µ and the temperature.
Explicitly,
P (µ, T ) = P (0)(µ) + P (T )g (µ) , (37)
where P (0)(µ) is given by Eq. (29) and P
(T )
g (µ) is given
by Eq. (36). As clearly shown in Eq. (36), at finite
temperature T the role of non-universal effects (which
are encoded into λ(µ)) increases as ratio kBT/µ grows.
This effect is somehow expected since the details of the
potential become more relevant when atoms scatter at
higher energy.
Conclusions. We have used finite-temperature one-loop
functional integration to obtain the non-universal equa-
tion of state of a dilute and ultracold gas of bosons. We
have adopted an effective field theory which includes a
low-energy finite-range contribution of the inter-atomic
interaction. The divergent zero-point energy of the sys-
tem has been regularized by performing dimensional reg-
ularization. Our analytical results at zero and finite tem-
perature are highly nontrivial generalizations of old but
tricky universal formulas [6, 7, 13] which depend only on
the s-wave scattering length as.
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